In this paper, we introduce an iterative scheme by the modification of Mann's iteration process for finding a common element of the set of solutions of a finite family of variational inequality problems and the set of fixed points of an η-strictly pseudo-contractive mapping and a nonexpansive mapping. Moreover, we prove a strong convergence theorem for finding a common element of the set of fixed points of a finite family of η i -strictly pseudo-contractive mappings for every i = 1, 2, . . . , N in uniformly convex and 2-uniformly smooth Banach spaces.
Introduction
Let E be a Banach space with its dual space E * and let C be a nonempty closed convex subset of E. Throughout this paper, we denote the norm of E and E * by the same symbol · .
We use the symbol → to denote the strong convergence. Recall the following definition.
Definition . A Banach space E is said to be uniformly convex iff for any ,  < ≤ , the inequalities x ≤ , y ≤  and x -y ≥ imply there exists a δ >  such that
Definition . Let E be a Banach space. Then a function ρ E : R + → R + is said to be the modulus of smoothness of E if ρ E (t) = sup x + y + x -y  - : x = , y = t .
A Banach space E is said to be uniformly smooth if Let {x n } be a sequence generated by u, x  = x ∈ C and ⎧ ⎨ ⎩ y n = β n x n + ( -β n )W n x n , x n+ = α n u + ( -α n )y n , n ≥ , In , Zhou [] proved a strong convergence theorem for the modification of normal Mann's iteration algorithm generated by a strict pseudo-contraction in a real -uniformly smooth Banach space as follows.
Theorem . Let C be a closed convex subset of a real -uniformly smooth Banach space E and let T : C → C be a λ-strict pseudo-contraction such that F(T) = ∅. Given u, x  ∈ C and the sequences {α n }, {β n }, {γ n } and {δ n } in (, ), the following control conditions are satisfied:
(i) a ≤ α n ≤ λ K  for some a >  and for all n ≥ , (ii) β n + γ n + δ n =  for all n ≥ , Let a sequence {x n } be generated by ⎧ ⎨ ⎩ y n = α n Tx n + ( -α n )x n , x n+ = β n u + γ n x n + δ n y n , n ≥ .
(.)
Then {x n } converges strongly to x * ∈ F(T), where x
* = Q F(T) (u) and Q F(T) : C → F(T) is the unique sunny nonexpansive retraction from C onto F(T).
In , Aoyama et al.
[] proved a weak convergence theorem for finding a solution of problem (.) as follows. Theorem . Let E be a uniformly convex and -uniformly smooth Banach space and let C be a nonempty closed convex subset of E. Let Q C be a sunny nonexpansive retraction from E onto C, let α >  and let A be an α-inverse strongly accretive operator of C into E with S(C, A) = ∅. Suppose x  = x ∈ C and {x n } is given by
for every n = , , . . . , where {λ n } is a sequence of positive real numbers and {α n } is a sequence in [, ] . If {λ n } and {α n } are chosen so that λ n ∈ [a, In this paper, motivated by Theorems ., . and ., we prove a strong convergence theorem for finding a common element of the set of solutions of a finite family of variational inequality problems and the set of fixed points of a nonexpansive mapping and an η-strictly pseudo-contractive mapping in uniformly convex and -uniformly smooth spaces. Moreover, by using our main result, we prove a strong convergence theorem for http://www.fixedpointtheoryandapplications.com/content/2013/1/23 finding a common element of the set of fixed points of a finite family of η i -strictly pseudocontractive mappings for every i = , , . . . , N in uniformly convex and -uniformly smooth Banach spaces.
Preliminaries
In this section, we collect and prove the following lemmas to use in our main result.
Lemma . (See []
) Let E be a real -uniformly smooth Banach space with the best smooth constant K . Then the following inequality holds:
Definition . (See []) Let C be a nonempty convex subset of a real Banach space. Let
be a finite family of nonexpanxive mappings of C into itself and let λ  , . . . , λ N be real numbers such that  ≤ λ i ≤  for every i = , . . . , N . Define a mapping K : C → C as follows:
Such a mapping K is called the K -mapping generated by T  , . . . , T N and λ  , . . . , λ N . 
Remark . From Lemma ., it is easy to see that the K mapping is a nonexpansive mapping. 
Lemma . (See [])
In a Banach space E, the following inequality holds:
where j(x + y) ∈ J(x + y).
Lemma . (See [])
Let {s n } be a sequence of nonnegative real number satisfying
where {α n }, {β n } satisfy the conditions
Then lim n→∞ s n = .
Lemma . Let C be a nonempty closed convex subset of a -uniformly smooth Banach space E and let T : C → C be a nonexpansive mapping and S : C → C be an η-strictly pseudocontractive mapping with
where K is the -uniformly smooth constant of E. Then F(B A ) = F(S) ∩ F(T).
Proof It is easy to see that
, from the definition of B A , we have
Then we have x  ∈ F(T). Therefore, x  ∈ F(T) ∩ F(S). It follows that F(B A ) ⊆ F(T) ∩ F(S).

Hence, F(B A ) = F(T) ∩ F(S).
Remark . Applying (.), we have that the mapping B A is nonexpansive. 
. Let {x n } be the sequence generated by x  ∈ C and
where f : C → C is a contractive mapping and {α n }, {β n }, {γ n }, {δ n } ⊆ [, ], α n + β n + γ n + δ n =  and satisfy the following conditions:
Then the sequence {x n } converses strongly to q ∈ F , which solves the following variational inequality:
Proof First, we will show that G i is a nonexpansive mapping for every i = , , . . . , N . Let x, y ∈ C. From nonexpansiveness of Q C , we have
Then we have G i is a nonexpansive mapping for every i = , , . . . , N . Since B : C → C is the K -mapping generated by G  , G  , . 
Next, we will show that the sequence {x n } is bounded. Let z ∈ F ; from the definition of x n , we have
By induction, we can conclude that the sequence {x n } is bounded and so are {f (x n )}, {Bx n }, {B A x n }.
Next, we will show that
From the definition of x n , we can rewrite x n by
From (.) and the conditions (i)-(iv), we have
From Lemma . and (.), we have
From (.), we have
and from the condition (iv) and (.), we have From the definition of x n , we can rewrite x n+ by
where e n = γ n + δ n and z n = (γ n Bx n +δ n B A x n ) γ n +δ n . From Lemma . and (.), we have
which implies that
From the conditions (i), (ii), (iv) and (.), we have
From the properties of g  , we have From Lemma . and the definition of z n , we have
From the condition (iii) and (.), we have
From the properties of g  , we have
From the definition of x n , we can rewrite x n+ by
where d n = α n + δ n and z n = α n f (x n )+δ n B A x n α n +δ n . From Lemma . and the convexity of ·  , we have
which implies that Next, we will show that
From the conditions (i), (ii), (iv) (.) and (.), we have
where lim t→ x t = q ∈ F and x t begins the fixed point of the contraction
Then x t solves the fixed point equation
From the definition of x t , we have
where
where D >  such that x t -x n  ≤ D for all t ∈ (, ) and n ≥ . From (.) and (.), we have lim sup
From (.) taking t → , we have
it follows that
Since j is norm-to-norm uniformly continuous on a bounded subset of C and (.), then we have
Finally, we will show the sequence {x n } converses strongly to q ∈ F . From the definition of x n , we have
From the condition (i) and Lemma ., we can imply that {x n } converses strongly to q ∈ F . This completes the proof.
The following results can be obtained from Theorem .. We, therefore, omit the proof. 
, where K is the -uniformly smooth constant of E. Let {x n } be the sequence generated by x  ∈ C and
where f : C → C is a contractive mapping and {α n },
and satisfy the following conditions:
Then the sequence {x n } converses strongly to q ∈ F , which solves the following variational inequality: 
Then the sequence {x n } converses strongly to q ∈ F , which solves the following variational inequality: where f : C → C is a contractive mapping and {α n }, {β n }, {γ n }, {δ n } ⊆ [, ], α n + β n + γ n + δ n =  and satisfy the following conditions:
Applications
To prove the next theorem, we needed the following lemma.
Lemma . Let C be a nonempty closed convex subset of a Banach space E and let P : C → C be an η-strictly pseudo-contractive mapping with F(P) = ∅. Then F(P) = S(C, I -P).
Proof It is easy to see that F(P) ⊆ S(C, I -P). Put A = I -P and z
Since P is an η-strictly pseudo-contractive mapping, then there exists j(z  -z * ) such that
It implies that z  = Pz  , that is, z  ∈ F(P). Then we have S(C, I -P) ⊆ F(P). Hence, we have S(C, I -P) = F(P).
Remark . If C is a closed convex subset of a smooth Banach space E and Q C is a sunny nonexpansive retraction from E onto C, from Remark ., Lemma . and ., we have
for all λ > . . Let {x n } be the sequence generated by x  ∈ C and
Proof Since S i is an η i -strictly pseudo-contractive mapping, then we have (I -S i ) is an η iinverse strongly accretive mapping for every i = , , . . . , N . For every i = , , . . . , N , putting A i = I -S i in Theorem ., from Remark . and Theorem ., we can conclude the desired results.
Next corollaries are derived from Theorem .. We, therefore, omit the proof. Then the sequence {x n } converses strongly to q ∈ F , which solves the following variational inequality:
q -f (q), j(q -p) ≤ , ∀p ∈ F.
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